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Abstract
A characterization of Cp(X), the family of subcontinua of X containing a fixed point of X, when X is an atriodic continuum,
is given as follows. Assume that Z is a continuum and consider the following three conditions: (1) Z is a planar absolute retract;
(2) cut points of Z have component number two; (3) any true cyclic element of Z contains at most two cut points of Z. If X is
an atriodic continuum and p ∈ X, then Cp(X) satisfies (1)–(3) and, conversely, if Z satisfies (1)–(3), then there exist an arc-like
continuum (hence, atriodic) X and a point p ∈ X such that Cp(X) is homeomorphic to Z.
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1. Introduction
Throughout this paper, I denotes [0,1] and X denotes a continuum (compact, connected, metric space), 2X is
the hyperspace of all nonempty closed subsets of X with the Hausdorff metric Hd [5, p. 11] and C(X) = {K ∈
2X: K is connected}.
Let X be a continuum. For K ∈ C(X) define the containment hyperspaces as follows:
2XK =
{
A ∈ 2X: K ⊂ A} and C(K,X) = {A ∈ C(X): K ⊂ A}.
More precisely, 2XK is the containment hyperspace for K in 2X and C(K,X) is the containment hyperspace for K
in C(X).
Notation 1. For convenience, we denote 2X{p} simply by 2Xp and we denote C({p},X) simply by Cp(X).
A triod is a continuum, X, for which there is a subcontinuum, Z, such that X − Z = U1 ∪ U2 ∪ U3, Ui = ∅ for
each i ∈ {1,2,3}, and Ui ∩Uj = ∅ whenever i = j . A continuum X is atriodic provided that it contains no triods.
The hyperspaces Cp(X) have not been largely investigated. Nevertheless, there are some known results about them;
the following two are among the most important for us:
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Recently, in [11], Patricia Pellicer-Covarrubias proved the following theorem:
Theorem 3. A continuum X is atriodic if and only if for each p ∈ X there exists a map gp : I → I such that gp(0) =
0 = gp(1) and Cp(X) is homeomorphic to{
(r, s) ∈ I × I : 0 s  gp(r)
}
.
Also in [11], Patricia Pellicer-Covarrubias asked the following question:
Question 4. Let g : I → I be a map such that g(0) = 0 = g(1) and let
K = {(r, s) ∈ I × I : 0 s  g(r)}.
Does there exist a continuum X and a point p ∈ X such that Cp(X) is homeomorphic to K?
We answer this question affirmatively, giving a characterization of Cp(X) when X is an atriodic continuum. We
begin with some general properties of Cp(X); then we construct all possible models for Cp(X) when X is an atriodic
continuum.
It is surprising to note that the conditions that characterize Cp(X) when X is an atriodic continuum are exactly the
same as those that Nadler and West [10] showed characterize the size levels of an arc—see Theorem 20.
2. General results
In this section we prove some general properties of Cp(X). We use the properties in our characterization in the
next section.
An inverse sequence is a double sequence {Xi,fi}∞i=1 of continua Xi , called coordinate spaces, and maps
fi :Xi+1 → Xi called bounding maps. If {Xi,fi}∞i=1 is an inverse sequence, then the inverse limit of {Xi,fi}∞i=1,
denoted by lim←−{Xi,fi}∞i=1, is the subcontinuum of the Cartesian product space
∏
i∈NXi defined by
lim←−{Xi,fi}∞i=1 =
{
(xi)
∞
i=1 ∈
∏
i∈N
Xi : fi(xi+1) = xi for all i
}
.
Notation 5. Let {Xi,fi}∞i=1 be an inverse sequence. For each n ∈ N, let
πn : lim←−{Xi,fi}∞i=1 → Xn
denote the restriction to lim←−{Xi,fi}∞i=1 of the nth projection map of
∏
i∈NXi to Xn, i.e.,
πn
(
(xi)
∞
i=1
)= xn.
Notation 6. Let X be a continuum, let K be a subcontinuum of X, and assume that X = lim←−{Xi,fi}∞i=1. For each
i ∈ N, let Ki = πi(K). Also, for each i ∈ N, let
f ∗i : 2
Xi+1
Ki+1 → 2
Xi
Ki
be given by f ∗i (A) = fi(A) for each A ∈ 2Xi+1Ki+1 . Note that for each i ∈ N, the restriction of f ∗i to C(Ki+1,Xi+1) is
a map, which we call fˆi , from C(Ki+1,Xi+1) onto C(Ki,Xi). Also, note that {2XiKi , f ∗i }∞i=1 and {C(Ki,Xi), fˆi}∞i=1
are inverse sequences. Denote lim←−{2XiKi , f ∗i }∞i=1 by (2XK)∞ and denote lim←−{C(Ki,Xi), fˆi}∞i=1 by C∞(K,X). Thus, by
definition(
2XK
)∞ = lim←−
{
2XiKi , f
∗
i
}∞
i=1 and C
∞(K,X) = lim←−
{
C(Ki,Xi), fˆi
}∞
i=1.
We will consider C∞(K,X) as being contained in (2XK)∞ by inclusion. Finally, for convenience, we denote (2X{p})∞
simply by (2Xp )∞ and we denote C∞({p},X) simply by C∞p (X).
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i ∈ N, let Ki = πi(K). Let (2XK)∞ and C∞(K,X) be as in Notation 6. Then, (2XK)∞ is homeomorphic to 2XK and
C∞(K,X) is homeomorphic to C(K,X). Furthermore, there is a homeomorphism of (2XK)∞ onto 2XK such that
h(C∞(K,X)) = C(K,X).
Proof. Let A = (Ai)∞i=1 ∈ (2XK)∞. Then f ∗i (Ai+1) = Ai for each i ∈ N; hence, fi(Ai+1) = Ai for each i ∈ N. There-
fore, {Ai,fi | Ai+1}∞i=1 is an inverse sequence. Also, since A ∈ (2XK)∞, Ai ∈ 2XiKi . Since X = lim←−{Xi,fi}∞i=1, it follows
that (lim←−{Ai,fi | Ai+1}∞i=1) ∈ 2XK . Define h : (2XK)∞ → 2XK by
h(A) = lim←−{Ai,fi | Ai+1}∞i=1.
Note that h is the restriction to (2XK)
∞ of the function in the proof of Theorem 1.169 of [8]. Hence, it follows (as
in [8, pp. 172–174]) that h is a homeomorphism of (2XK)∞ onto 2XK , and that h sends C∞(K,X) onto C(K,X). 
In [2, p. 244], Capel proved the following fact about inverse limit of arcs.
Lemma 8. If X = lim←−{Ai,fi}∞i=1 where each Ai is an arc and each fi is monotone, then X is arc.
In [4, p. 257], Fort and Segal proved the following analogue of Lemma 8 for 2-cells.
Lemma 9. If X = lim←−{Bi,fi}∞i=1 is locally connected, each Bi is a 2-cell with boundary Ji and fi+1(Ji+1) = Ji , then
X is a 2-cell with boundary J = lim←−{Ji, fi | Ji+1}∞i=1.
Let X be a continuum. A subcontinuum A of X is terminal provided that if B ∈ C(X) and A∩B = ∅, then A ⊂ B
or B ⊂ A.
A continuum is said to be decomposable provided that it is the union of two proper subcontinua. A continuum that
it is not decomposable is said to be indecomposable.
In our journey to the characterization of Cp(X) we discovered the following fact, which helps us realize that a
continuum X for which Cp(X) has the properties described in Theorem 20 must be indecomposable. We do not use
the proposition in this note; we include it because we think it is interesting in itself.
Proposition 10. Let X be a continuum. If {Ki}∞i=1 is a sequence of terminal subcontinua of X such that, for each
i ∈ N, Ki  Ki+1 and ⋃∞i=1 Ki = X, then X is indecomposable.
Proof. Define K =⋃∞i=1 Ki . Since each Ki is nowhere dense in X, by Baire’s Category Theorem [6, p. 414], there
exist p ∈ X − K . Let A be a proper subcontinuum of X such that p ∈ A. Assume A ∪ Kn = ∅ for some n ∈ N.
Then, since p /∈ K , Kn ⊂ A. Hence, Ki ⊂ A for all i ∈ N. Thus, K ⊂ A; therefore, we have that X = A, which is a
contradiction. Therefore, every proper subcontinuum A that contains p is nowhere dense in X (since A ⊂ X − K).
Therefore, X is indecomposable. 
3. Arc-like continua
To answer Question 4 we will prove the following theorem:
Theorem 11. For every map g : I → I such that g(0) = 0 = g(1) there exists an arc-like continuum (hence, atriodic)
X and a point p ∈ X such that Cp(X) is homeomorphic to {(r, s) ∈ I × I : 0 s  g(r)}.
It is important to note that to prove Theorem 11 we can work with closed subsets of I instead of maps from I
into I . To explain this we need the following definitions, which we will use later in the section.
If g : I → I is a map, then define
K(g) = {(r, s) ∈ I × I : 0 s  g(r)}.
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K(Z) = {(r, s) ∈ I × I : 0 s  d(r,Z)}.
Proposition 12. If g : I → I is a map and we let Z = g−1(0), then K(g) is homeomorphic to K(Z).
Proof. The homeomorphism h :K(Z) → K(g) is given by h(x, y) = (x, fx(y)) where fx(t) = 0 for x ∈ Z and
fx(t) = g(x)d(x,Z) t otherwise. 
Before we can prove Theorem 11 we have to build the tools that we are going to need in the proof.
Let X be a continuum. A chain in X is a nonempty, finite, indexed collection C = {U1, . . . ,Un} of open subsets
Ui of X such that Ui ∩ Uj = ∅ if and only if |i − j | 1. If C = {U1, . . . ,Un} is a chain in X, then the members of
C are called links of C, Ui being called the ith link of C; the mesh of C, written mesh(C), is defined by mesh(C) =
max{diameter(Ui): 1 i  n}. If C is a chain in X and mesh(C) < ε, then we say that C is an ε-chain in X. We say
that X is chainable provided that X is nondegenerate and for each ε > 0 there is an ε-chain in X covering X.
Let X and Y be metric spaces and let f :X → Y . Then f is called an ε-map provided that f is continuous and the
diameter of f−1(f (x)) is less than ε for all x ∈ X.
Let X be a compact metric space and let P be a given collection of compact metric spaces. Then X is said to be
P-like provided that for each ε > 0 there is an ε-map from X onto some member Yε of P .
It is known that a continuum is arc-like if and only if is chainable [9, p. 235].
The following is a well-known fact [9, pp. 24–25].
Lemma 13. Let {Xi,fi}∞i=1 be an inverse sequence with surjective bonding maps such that each Xi is P-like. Then
X = lim←−{Xi,fi}∞i=1 is P-like.
We say that a chain {U1, . . . ,Un} is a chain from the point a to the point b provided that U1 − U2 contains a and
Un −Un−1 contains b. The points a and b of the arc-like continuum X are called opposite end points of X if for each
ε > 0 there is an ε-chain from a to b covering X.
The idea for the construction in the proof of the following lemma comes from the proof of Lemma 2 in [1].
Lemma 14. Let X be an arc-like continuum with opposite end points a and b or let X consist of a single point. Then
there is an arc-like subcontinuum M = X ∪A∪B of X × [−1,1] such that X ∪A and X ∪B are subcontinua of M ,
X is nowhere dense in X ∪ A and in X ∪ B , and the Cartesian product projections from X ∪ A onto X, from X ∪ B
onto X and from M onto X are retractions.
Proof. If X = {p}, then let M = {p} × [−1,1]. Identify X with X × {0} and define A = {p} × (0,1] and B =
{p} × [−1,0). Clearly, M , X ∪A and X ∪B are arcs that have the required properties.
Now, assume that X is an arc-like continuum with opposite end points a and b. In the Cartesian product X×[−1,1],
identify X with X × {0} and consider the following subcontinua: For each i ∈ Z − {0}, let
Xi = X ×
{
1
i
}
and, for each i ∈ N,
let Ki = {a} ×
[
1
i + 1 ,
1
i
]
and Li = {a} ×
[−1
i
,
−1
i + 1
]
if i is odd
and
let Ki = {b} ×
[
1
i + 1 ,
1
i
]
and Li = {b} ×
[−1
i
,
−1
i + 1
]
if i is even.
Set
A =
⋃
(Xi ∪Ki) and B =
⋃
(X−i ∪Li).
i∈N i∈N
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Let M = X ∪A∪B (see Fig. 1).
Clearly, M , X ∪A and X ∪B are continua, X is nowhere dense in X ∪A and in X ∪B and the Cartesian product
projections from X ∪A to X, from X ∪B to X and from M to X are retractions.
Now, to prove that M is arc-like, take ε > 0. Since X is arc-like and a and b are opposite end points of X, there is
an ε2 -chain, U = {U1, . . . ,Un}, in X covering X such that a ∈ U1 and b ∈ Un. Let m ∈ N be such that 1m < ε2 . Suppose
without loss of generality that m is odd. For each i ∈ {1, . . . , n}, let Vi = Ui × ( −(2m+3)2(m+1)(m+2) , 2m+12m(m+1) ). Consider
the chain V in M given by V = {V1, . . . , Vn}. Since Km and Lm+1 are arcs, there are chains, O = {O1, . . . ,Oj }
and P = {P1, . . . ,Pk}, in M covering Km and Lm+1, respectively, such that their mesh is less than 1(m+2)(m+3) ,
(a, 1
m
) ∈ O1, (a, 1m+1 ) ∈ Oj , (b, −1m+2 ) ∈ P1 and (b, −1m+1 ) ∈ Pk . Let r be the last index in {1, . . . , j} such that Or is
not contained in V1 and let s be the first index in {1, . . . , k} such that Ps is not contained in Vn. Let H= {H1, . . . ,Hp}
and G = {G1, . . . ,Gq} be chains, in M covering Xm and X−(m+1) respectively, of mesh less than 1(m+2)(m+3) such
that (b, 1
m
) ∈ H1, (a, 1m) ∈ Hp , (b, −1m+1 ) ∈ G1 and (a, −1m+1 ) ∈ Gq . Let e be the last index in {1, . . . , p} such that He
is not contained in O1 and let f be the first index in {1, . . . , q} such that Gf is not contained in Pk . Note that
W = {H1, . . . ,He,O1, . . . ,Or,V1, . . . , Vn,Ps, . . . ,Pk,Gf , . . . ,Gq}
is an ε-chain in M covering X ∪ (⋃∞i=m(Xm ∪ Km)) ∪ (⋃∞i=m+1(X−i ∪ Li)). Continuing in this fashion we can
construct an ε-chain in M covering M ; hence, M is an arc-like continuum. 
Lemma 15. Let X be an arc-like continuum with opposite end points a and b or let X consist of a single point. Then
there is an arc-like subcontinuum M = X∪A of X× I such that X is nowhere dense in M and the Cartesian product
projection from M onto X is a retraction.
Proof. If X = {p}, then let M = X × I . Identify X with X × {0} and define A = {p} × (0,1]. Clearly, M is an arc
with the required properties.
Now, assume that X is an arc like continuum with opposite end points a and b. Let A be as in the proof
of Lemma 14, and take M = X ∪ A. The verifications of the properties of M are similar to the verifications in
Lemma 14. 
Lemma 16. For every function h from a finite nonempty linearly ordered set S = {s1, . . . , sn} into {0,1} there exist
an arc-like continuum Xh ⊂ [−1,1]S and a point ph ∈ Xh such that Cph(X) is homeomorphic to K(g−1h (0)), where
gh is the function from I to {0,1} defined by gh(t) = h(si) if t ∈ ( i−1 , i ) and gh(t) = 0 if t ∈ {0, 1 , 2 , . . . , n }. Thus,n n n n n
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Moreover, if, for every j ∈ {1, . . . , n}, λj is the Cartesian product projection from [−1,1]S onto [−1,1]S−{sj } ×
{0}{sj }, then Xh|S−{sj } is homeomorphic to λj (Xh) and Cph|S−{sj }(Xh|S−{sj }) is homeomorphic to K(g−1h|S−{sj }(0)).
Proof. Assume without loss of generality that s1 < · · · < sn. Let h be a function from S into {0,1}. Define M0 = {p0}.
Take k ∈ {1, . . . , n}. Suppose that M0, . . . ,Mk−1 have already been defined. We have that h(sk) is equal to either 0
or 1. If h(sk) = 0, then define Mk to be the arc-like continuum that we obtain when we apply Lemma 14 to Mk−1 and
let pk = (pk−1,0). If h(sk) = 1, then define Mk to be the arc-like continuum that we obtain when we apply Lemma 15
to Mk−1 and let pk = (pk−1,0).
So, we have constructed arc-like continua M1 ⊂ · · · ⊂ Mn with the following properties:
(1) For each i ∈ {1, . . . , n}, Mi is a subcontinuum of Mi−1 × [−1,1]; hence, Mi is a subcontinuum of [−1,1]i , and
(2) Mi−1 × {0} is nowhere dense in Mi ∩ (Mi−1 × I ) and, if Mi was constructed by applying Lemma 14 to Mi−1,
then Mi × {0} is nowhere dense in Mi ∩ (Mi−1 × [−1,0]).
Define Xh = Mn and ph = pn. It is easy to see that Cp(X) is homeomorphic to K(g−1h (0)).
Now, take j ∈ {1, . . . , n} and construct Xh|S−{sj } and ph|S−{sj } in the same way we constructed Xh and ph.
Again, it is not difficult to see that Cph|S−{sj }(Xh|S−{sj }) is homeomorphic to K(g
−1
h|S−{sj }(0)). Define λj : [−1,1]S →
[−1,1]S−{sj } × {0}{sj } by λj ((tsi )si∈S) = (rsi )si∈S where rsi = tsi if i = j and rsj = 0. Also, define ϕ :Xh|S−{sj } →
λj (Xh) by ϕ((tsi )si∈S−{sj }) = (rsi )si∈S where rsi = tsi if i = j and rsj = 0. Clearly, the function ϕ is a continuous
bijection; hence, ϕ is a homeomorphism. 
Notation 17. If Z is a closed subset of I , then
• let D0(Z) be the set of all components of the interior of I −Z, and
• let D1(Z) be the set of all components of the interior of Z,
• define D(Z) = D0(Z)∪D1(Z).
Note that D(Z) is nonempty, linearly ordered (with the order that D(Z) implicitly inherits from I ) and has at most
countably many elements.
Now, we are ready to prove Theorem 11.
Proof of Theorem 11. Let Z = g−1(0). Define h :D(Z) → {0,1} by h(J ) = 0 if and only if J ∈ D0(Z).
If D(Z) is finite, then let Xh and ph be the arc-like continuum and the point, respectively, that we obtain when we
apply Lemma 16 to h. Then X = Xh and p = ph have the desired properties.
If D(Z) is infinite, then let {si : i ∈ N} be an enumeration of D(Z). Define
Sn = {si : i  n} and hn = h | Sn.
Let Xn and pn be the arc-like continuum and the point, respectively, that we obtain when we apply Lemma 16
to hn. Also, for each n ∈ N, we have a map fn = ϕ−1n ◦ (λn | Xn+1) from Xn+1 onto Xn(where λn and ϕn are
defined as in the proof of Lemma 16). We have that {Xi,fi}∞i=1 is an inverse sequence (see Figs. 2 and 3) and that
Cpi (Xi) is homeomorphic to K(g
−1
hi
(0)) (where ghi is defined as in Lemma 16). For each i ∈ N, let Yi = K(g−1hi (0)).
Define X = lim←−{Xi,fi}∞i=1 and p = (pi)∞i=1. By Lemma 13, we have that X is arc-like. We claim that Cp(X) is
homeomorphic to K(Z). The proof of this is as follows:
By Lemma 7, Cp(X) is homeomorphic to C∞p (X). For each i ∈ N, let ζi :Cpi (Xi) → Yi be an homeomorphism.
We have that C∞p (X) is homeomorphic to Y = lim←−{Yi,ψi}∞i=1 where ψi = ζi ◦ fi ◦ ζ−1i+1. Let φ be a homeomorphism
from C∞p (X) onto Y . Hence, it is enough to show that K(Z) is homeomorphic to Y .
First, observe that if sn ∈ D(Z), then the subset Csn of K(Z) defined by Csn = {(x, y) ∈ K(Z): x ∈ sn} is a 2-cell
if sn ∈ D0(Z) and is an arc if sn ∈ D1(Z).
J.M. Martinez-Montejano / Topology and its Applications 154 (2007) 115–123 121Fig. 2.
Fig. 3.
Take a point sn in D(Z). Define Mn = {(xi)si∈Sn : xsn = 0} and Nn = Xn. For each 1  i < n, define recursively
Mi = fi(Mi+1) and Ni = fi(Ni+1). Also, for each i > n, define recursively as follows:
Mi = f−1i (Mi−1) and Ni =
(
f−1i (Ni−1)
)
if si < si−1
and
Mi = λi
(
f−1i (Mi−1)
)
and Ni = λi
(
f−1i (Ni−1)
)
if si−1 < si.
Let
M(n) = lim←−{Mi,fi | Mi+1}∞i=1
and let
N(n) = lim←−{Ni,fi | Ni+1}∞i=1.
If h(sn) = 0, then Nn was constructed by applying Lemma 14 to Mn; hence, C(Mn,Nn) is a 2-cell. Therefore,
for each i > n, C(Mi,Ni) is a 2-cell. Note that, for each i > n, the boundary of C(Mi,Ni) is map under ψi−1 onto
the boundary of ζi−1(C(Mi−1,Ni−1) (see Fig. 4). Hence, by Lemma 9, C∞(M(n),N(n)) = lim←−{C(Mi,Ni),ψi |
C(Mi+1,Ni+1)}∞i=1 is a 2-cell.
If h(sn) = 1, then Nn was constructed by applying Lemma 15 to Mn; hence, C(Mn,Nn) is an arc. Therefore, for
each i > n, C(Mi,Ni) is an arc. Note that, for each i > n, ψi−1 | C(Mi,Ni) is a monotone map. Hence, by Lemma 8,
C∞(M(n),N(n)) = lim←−{C(Mi,Ni),ψi | C(Mi+1,Ni+1)}∞i=1 is an arc.
Therefore, we can define a homeomorphism φn from Csn onto φ(C∞(M(n),M(n))).
Now, we can define a homeomorphism Φ between K(Z) and Y as follows:
If x ∈ Csi for some i ∈ N, then define Φ(x) = φi(x).
The points in K(Z) that are not in one of the Csn ’s are limits of points in the boundary of the Csn ’s; so, we define
the homeomorphism Φ for those points to be the limit of the images of the points that converge to them.
Therefore, K(Z) is homeomorphic to Y .
To complete the proof note that in either case X is arc-like; hence, by Theorem 12.4 of [9], X is atriodic. 
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Combining Theorem 3 with Theorem 11, we have the following characterization of Cp(X) when X is an atriodic
continuum.
Corollary 18. If X is an atriodic and p ∈ X, then there exists a map gp : I → I such that gp(0) = 0 = gp(1) and
Cp(X) is homeomorphic to {(t, r) ∈ I × I : 0  r  gp(t)} and, conversely, if g : I → I is a map such that g(0) =
0 = g(1), then there exists an arc-like continuum (hence, atriodic) X and p ∈ X such that Cp(X) is homeomorphic to
{(t, r) ∈ I × I : 0 r  g(t)}.
If S is a connected space and s ∈ S, then the component number of s (in S) is the cardinality of the set of all
components of S − {s}.
Let S be a connected topological space and let s ∈ S. If S − {s} is connected, then s is called a non-cut point of S.
If S − {s} is not connected, then s is called a cut point of S.
A continuum X is said to be semi-locally-connected at a point x of X provided that for any ε > 0 there exist a
neighborhood V of x in X of diameter less than ε such that X − V has only a finite number of components. If X is
semi-locally-connected at each of its points, it is said to be semi-locally-connected.
Let S be a connected topological space. An E0-set in S is a nondegenerate connected subset of S which has no cut
point and is maximal with respect to the property of being a connected subset of S without cut points.
Let X be a semi-locally-connected continuum. By a cyclic element of X is meant a cut point of X, an end point
of X or an E0-set in X. The cut points and the end points of X are called degenerate cyclic elements of X and the
E0-sets are called true cyclic elements of X.
The following proposition will help us to reformulate Corollary 18 in a convenient manner.
Proposition 19. Assume Z is a nondegenerate continuum and consider the following three conditions:
(1) Z is a planar AR.
(2) Cut points of Z have component number two.
(3) Any true cyclic element of Z contains at most two cut points of Z.
Then there is a map g : I → I such that g(0) = 0 = g(1) and Z is homeomorphic to K(g).
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following fact which is proved in [10, p. 247]:
(∗) Assume that Z is a nondegenerate continuum satisfying (1)–(3). Then there exist distinct points r and s of Z such
that every cut point of Z separates r and s.
Take r and s as in (∗). Let A be the set of cut points of Z. Define an order on A ∪ {r, s} as follows: x < y if and
only if {x} separates {r} and {y} in Z, r < x for each x ∈ A∪ {s} and x < s for each x ∈ A∪ {r}. It is not difficult to
see that A∪{r, s} is a linearly ordered set with a maximal and minimal element. Hence, A∪{r, s} can be embedded in
I such that r is sent to 0 and s is sent to 1. Let B denote the homeomorphic image of A∪{r, s} in I . By Proposition 12
it is enough to prove that K(B) is homeomorphic to Z. But the points that are in K(B) − B are points that are in
2-cells minus two boundary points which correspond to the points of Z − (A∪ {r, s}) that are in a true cyclic element
minus two points. So, we can define a homeomorphism between K(B) and Z. 
We can now rephrase Corollary 18 to give a direct topological description of all the possible models for Cp(X) and
to show that they are the same as all the size levels for an arc (as in [10]).
Theorem 20. Assume Z is a continuum and consider the following three conditions:
(1) Z is a planar AR.
(2) Cut points of Z have component number two.
(3) Any true cyclic element of Z contains at most two cut points of Z.
If X is an atriodic continuum and p ∈ X, then Cp(X) satisfies (1)–(3) and, conversely, if Z satisfies (1)–(3), then
there exist an arc-like continuum (hence, atriodic) X and a point p ∈ X such that Cp(X) is homeomorphic to Z.
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